In the generalized truncation construction, one replaces each vertex of a k-regular graph Γ with a copy of a graph Υ of order k. We investigate the symmetry properties of the graphs constructed in this way, especially in connection to the symmetry properties of the graphs Γ and Υ used in the construction. We demonstrate the usefulness of our results by using them to obtain a classification of cubic vertextransitive graphs of girths 3, 4, and 5.
Introduction
The original concept of graph truncations comes from topological graph theory. The concept was repeatedly recycled in different settings, as in Sachs' classical article [16] , in which it has been used to prove the existence of k-regular graphs of girth g for every pair k ≥ 3, g ≥ 3. Its generalization appears under the name of a zig-zag product in a number of articles dealing with graph expanders (see, for example, [1, 15] ). The second author together with G. Exoo generalized the original construction of Sachs to allow for truncations by any graph of the correct order (while Sachs only used truncations by cycles) [9] . They used the generalized truncation construction for constructing small graphs of given degree and girth. Several forms of generalized truncations also appear in [4] , which uses them to construct graphs with prescribed degrees and prescribed beginning of the cycle spectrum.
The paper [9] contains several examples of truncations of arc-transitive maps (which, of course, have arc-transitive underlying graphs) that result in vertex-transitive graphs.
The second source of interest and motivation for our paper comes from [3] , in which the authors investigate the symmetry and hamiltonicity of generalized truncation of graphs via complete graphs K n . As both papers [9] and [3] start off with a symmetry assumption about the underlying graph or the graph that is being attached to the underlying graph, we investigate the general symmetry properties of the graphs resulting from generalized truncation and the impact of the symmetry properties of the graphs used in the construction on the symmetry properties of the resulting graphs. In this sense, our results can be viewed as generalizations of the results from [9] and [3] .
In addition to being able to obtain results concerning the symmetry of the graphs resulting from the generalized truncation, we demonstrate the strength of these ideas by investigating the class of cubic vertex-transitive graphs of girth 3, 4 and 5, for which we obtain a full characterization.
Preliminaries
Graphs used in our paper are finite and simple. Given a graph Γ, we denote its vertex-set and edge-set by V (Γ) and E(Γ), respectively. For a vertex v ∈ V (Γ), we let Γ(v) = {u ∈ V (Γ) | u ∼ v} denote its neighborhood.
A graph Γ is said to be vertex-, edge-, or arc-transitive, if the automorphism group of Γ acts transitively on the set of vertices, edges, or arcs of Γ. For a group G and a subset S ⊂ G closed under inverses but not containing the identity, the Cayley graph Cay(G; S) of the group G with respect to the connection set S is the graph with vertex set G in which a vertex g ∈ G is adjacent to a vertex h ∈ G if and only if h = sg for some s ∈ S. All Cayley graphs are regular (of degree |S|) and vertex-transitive; with the underlying group G acting vertex-transitively via automorphisms induced by the left multiplication by its elements.
The generalized truncation construction also assumes regularity of one of the two graphs involved. We repeat the definition of the generalized truncation from [9] . Let Γ be a finite k-regular graph and let D(Γ) denote the set of its darts (that is, ordered pairs of adjacent vertices). A vertex-neighborhood labeling of Γ is a function ρ : D(Γ) → {1, 2, . . . , k} such that for each u ∈ V (Γ) the restriction of ρ to the set {(u, v) : v ∈ Γ(u)} of darts emanating from u is a bijection. Furthermore let Υ be a graph of order k with V (Υ) = {v 1 , v 2 , . . . , v k }. The generalized truncation T (Γ, ρ; Υ) of Γ by Υ with respect to ρ is then the graph with the vertex set {(u, v i ) : u ∈ V (Γ), 1 ≤ i ≤ k} and edge set { (u, v i )(u, v j ) | v i v j ∈ E(Υ) } ∪ { (u, v ρ(u,w) )(w, v ρ(w,u) ) | uw ∈ E(Γ) }.
(
Informally, the graph T (Γ, ρ; Υ) is obtained from the k-regular Γ by 'cutting out' each vertex u together with a small part of its neighborhood and 'glueing in' copies of Υ in such a way that the vertex v i of Υ is attached to the dangling dart previously attached to u and labeled i. Note that T (Γ, ρ; Υ) is regular if and only if Υ is regular.
We will refer to the edges of the form (u, v i )(u, v j ) (edges originally contained in a copy of Υ) as red edges, and to the edges (u, v i )(w, v j ), u = w, (originally contained in Γ) as blue edges. Observe that a blue edge is incident only to red edges and that each vertex of T (Γ, ρ; Υ) is incident to precisely one blue edge. This yields the following observation (see also [9, Theorem 2.2] ). Lemma 2.1. Let Γ be a finite k-regular graph of girth g. Then, for any graph Υ of order k and any vertex-neighborhood labeling ρ of Γ, the shortest cycle in the generalized truncation T (Γ, ρ; Υ) containing a blue edge is of length at least 2g.
Basic symmetry properties of generalized truncations
One of the main objectives of this paper is to investigate automorphisms of generalized truncations of graphs and their relationship to the automorphisms of the underlying truncated graph. LetΓ = T (Γ, ρ; Υ) be the generalized truncation of Γ by Υ with respect to ρ and let u ∈ V (Γ) be a vertex of Γ. We letΓ u denote the subgraph ofΓ induced on the set {(u, v i ) : 1 ≤ i ≤ k}, that is,Γ u is the copy of Υ that replaced the vertex u of Γ. This gives rise to the natural partition P Γ = {V (Γ u ) : u ∈ V (Γ)} of the vertex set ofΓ, which plays an important role in our investigation of automorphisms ofΓ.
Lemma 3.1. LetΓ = T (Γ, ρ; Υ) be a generalized truncation. The only automorphism of Γ fixing each partition set in P Γ setwise is the identity.
Proof. Observe that for any u, w ∈ V (Γ) there is either exactly one blue edge or there are no blue edges between the vertices ofΓ u andΓ w , depending on whether u and w are or are not adjacent in Γ. This means that each α ∈ Aut(Γ) fixing setwise each of the setsΓ u , fixes pointwise all the endpoints of the blue edges. Since each vertex ofΓ is the endpoint of exactly one blue edge, this proves that α is the identity.
We can now prove that each subgroupG of Aut(Γ) leaving P Γ invariant is isomorphic to a subgroup of Aut(Γ). Theorem 3.2. LetΓ = T (Γ, ρ; Υ) be a generalized truncation, and let P Γ be the natural partition of the vertex set ofΓ. LetG ≤ Aut(Γ) be any subgroup leaving P Γ invariant. ThenG induces a natural faithful action on Γ and is thus isomorphic to a subgroup of Aut(Γ).
Proof. Letg ∈G be arbitrary and let us define a corresponding automorphism g of Γ.
For each u ∈ V (Γ) let u g ∈ V (Γ) be the unique vertex such thatg maps V (Γ u ) to V (Γ u g ). Since P Γ isG-invariant, g is a well defined permutation of V (Γ). In view of Lemma 3.1, we only have to prove that g is an automorphism of Γ. To this end suppose u and w are adjacent vertices of Γ and let (u, v i ) and (w, v j ) be the unique vertices ofΓ u andΓ w , respectively, such that (u,
If g is constructed fromg as in the proof of the above theorem, we will say that g ∈ Aut(Γ) is the projection ofg ∈ Aut(Γ) and conversely thatg is the lift of g (observe that, by Lemma 3.1, each g ∈ Aut(Γ) can have at most one lift to Aut(Γ)). We will also say that g lifts to an automorphism ofΓ andg projects onto an automorphism of Γ. Of course, Aut(Γ) may also contain automorphisms which do not project to Aut(Γ) (we will call such automorphisms mixers) and there can be automorphisms of Γ which do not lift to Aut(Γ). As a consequence of Theorem 3.2, an automorphismg ofΓ projects to Aut(Γ) if and only if the partition P Γ is g -invariant. This observation gives an easy sufficient condition for the entire group Aut(Γ) to project to Aut(Γ). Corollary 3.3. Let Γ be a k-regular graph of girth g, andΓ = T (Γ, ρ; Υ) be a generalized truncation. If Υ is connected and each of its edges lies on at least one cycle of length smaller than 2g, then the entire automorphism group Aut(Γ) projects injectively onto a subgroup of Aut(Γ).
Proof. By Lemma 2.1, any cycle ofΓ containing a blue edge is of length at least 2g. Since each red edge belongs to a cycle that is shorter than 2g, the partition P Γ must be Aut(Γ)-invariant, and the result follows from Theorem 3.2.
There are many classes of graphs having the property that each edge of the graph is contained in a short cycle. For example, this must be the case for arc-transitive graphs of small girth, or more generally, for edge-girth-regular graphs, which are graphs in which each edge is contained in the same number of girth cycles [11] , as well as for Cayley graphs of abelian or nilpotent groups [6] .
Corollary 3.4. Let Υ be a connected Cayley graph Cay(G; S) satisfying the property that S contains at least three elements out of which at least one belongs to the center Z(G), and letΓ = T (Γ, ρ; Υ) be a generalized truncation. Then the entire automorphism group Aut(Γ) projects injectively onto a subgroup of Aut(Γ).
Proof. While the girth g of any |G|-regular graph Γ is at least 3, the assumptions imply that each edge of Υ lies on a 3-cycle or a 4-cycle, and so Corollary 3.3 applies.
Having addressed the question of when an automorphism ofΓ = T (Γ, ρ; Υ) projects, let us now consider the question of when an automorphism g ∈ Aut(Γ) lifts to somẽ g ∈ Aut(Γ). If such a liftg exists, it is unique by Lemma 3.1. In fact, we now describe how the action ofg (if it exists) is determined by g. Let (u, v i ) be an arbitrary vertex ofΓ and let (w, v j ) be its unique neighbor along a blue edge, that is i = ρ(u, w) and j = ρ(w, u), and u and w are adjacent in Γ. Since g ∈ Aut(Γ), the vertices u g and w g must also be adjacent in Γ, and so
In this manner, each automorphism g ∈ Aut(G) yields a unique permutationg of the vertices ofΓ which maps blue edges to blue edges. The permutationg may or may not be a graph automorphism ofΓ, depending on whether it also maps red edges to red edges. This provides us with a necessary and sufficient condition for an automorphism of Γ to lift to Aut(Γ).
Proposition 3.5. LetΓ = T (Γ, ρ; Υ) be a generalized truncation, and let g ∈ Aut(Γ). Then g lifts to Aut(Γ) if and only if for every u ∈ V (Γ) and each pair of its neighbors w, x we have
As a consequence, the set of all g ∈ Aut(Γ) that lift to Aut(Γ) is a subgroup of G.
Observe that in the case when Υ is a complete graph, the condition (2) is automatically satisfied for all g ∈ Aut(Γ), and so the entire automorphism group of Γ lifts (as proved in [3, Theorem 3.6] ). We finish this section with an illustration of the above results by means of a concrete example. If we denote the vertex set of C 4 by {v 1 , v 2 , v 3 , v 4 }, with the antipodal pairs of vertices being {v 1 , v 3 } and {v 2 , v 4 }, the two corresponding generalized truncations are given in Figure 2 . It is easy to see that the two graphs are non-isomorphic, since the first one does not contain any 6-cycles, while the second one does. To investigate which of the automorphisms of K 5 lift in either of the two generalized truncations, letΓ i = T (K 5 , ρ i ; C 4 ), i ∈ {1, 2}. Observe first, that since bothΓ i 's are truncations by a 4-cycle, Corollary 3.3 implies that, in either case, the whole automorphism group Aut(Γ i ) projects to Aut(K 5 ) = Sym 5 . Therefore, Aut(Γ i ), i ∈ {1, 2}, coincides with the set of lifts of those automorphisms of K 5 that do lift with respect to the corresponding vertex neighborhood labeling.
We first consider the generalized truncationΓ 1 . It is not hard to check that the automorphisms (which is a maximal subgroup of Sym 5 ) lifts to Aut(Γ 1 ). In particular, this implies that Γ 1 is vertex-transitive. On the other hand, the automorphism g = (a b) of K 5 does not lift to Aut(Γ 1 ), since, for instance,
This proves that the above subgroup G of Sym 5 is the maximal subgroup of the automorphism group of K 5 that lifts to Aut(Γ 1 ), and sõ G = Aut(Γ 1 ) ∼ = AGL 1 (5) . Note that this impliesΓ 1 is a Cayley graph of AGL 1 (5) .
As for the generalized truncationΓ 2 , it is easy to check again that the automorphism 
A construction from vertex-transitive graphs
In this section, we present a method for constructing generalized truncations which we will later prove in Theorem 5.1 to yield a vertex-transitive graph whenever the truncated graph happens to be arc-transitive.
Construction 4.1. Let Γ be a graph admitting a vertex-transitive subgroup G ≤ Aut(Γ) of automorphisms. For a fixed vertex v ∈ V (Γ), let v be a union of orbits of the action of the stabilizer G v in its induced action on the 2-element subsets of Γ(v). Then v , which consists of unordered pairs of vertices from Γ(v), forms a set of edges for the graph (Γ(v), v ), whose vertex set consists of the vertices from Γ(v). We define the graph T (Γ, G; v ) to be the graph with the vertex set {(u, w) : u ∈ V (Γ), w ∈ Γ(u)}, and the adjacency relation in which a vertex (u, w) is adjacent to the vertex (w, u) and to all the vertices (u, w ) for which there exists a g ∈ G with the property u g = v and {w, w } g ∈ v .
Even though the above defined graph T (Γ, G; v ) might appear different from the generalized truncation graphs considered so far, in what follows, we will show that it indeed is a generalized truncation of a vertex-transitive Γ via the orbital graph (Γ(v), v ).
Let us begin by pointing out that a vertex
, and so the fact that v is a union of orbits of the action of G v on the set of 2-element subsets of
Lemma 4.2. Let Γ be a vertex-transitive graph, and let G ≤ Aut(Γ), v ∈ V (Γ), and v , be as those in Construction 4.1. Then the graph T (Γ, G; v ) is isomorphic to a generalized truncation of the graph Γ by the graph (Γ(v), v ).
Proof. Let k = |Γ(v)| be the cardinality of Γ(v), and choose an arbitrary bijection ϕ : Γ(v) → {1, 2, . . . , k}. Take Υ to be the graph with the vertex set {v 1 , v 2 , . . . , v k } and the adjacency v i ∼ v j if and only if {ϕ
For each pair of adjacent vertices u, w of Γ we then set ρ(u, w) = ϕ(w gu ). Since w ∼ u and u gu = v, we have w gu ∈ Γ(v), and so the expression ϕ(w gu ) 'makes sense' and these assignments define a vertex-neighborhood labeling for Γ.
We can now define a mapping Φ :
It is easy to check that Φ is a bijection preserving adjacency. For instance, if (u, w) ∼ (u, w ) in T (Γ, G; v ), then by definition and the above remarks, {w, w
In line with the terminology of Section 3, the edges ofΓ = T (Γ, G; v ) of the form (u, w)(w, u) will be called 'blue edges' and the edges of the form (u, w)(u, w ) will be called 'red'. As pointed out in Section 3,Γ is regular if and only if (Γ(v), v ) is regular. A sufficient (but not necessary) condition for (Γ(v), v ) being regular is arc-transitivity of the action of G on Γ. Note also that the elements of the partition
It is now relatively easy to determine which automorphism groups of Γ lift to Aut(Γ).
, containing G, lifts to Aut(Γ) if and only if v is a union of orbits of the action of K v on the 2-sets of elements from Γ(v). In particular, G itself lifts to Aut(Γ).
Proof. By Lemma 3.1 and Theorem 3.2, it suffices to determine whether for each g ∈ K there is an automorphismg ∈ Aut(Γ) such that P Γ is g -invariant and the induced action ofg on P Γ coincides with the action of g on Γ. Note that the action of a potentialg onΓ is uniquely determined and is very natural. For each vertex (u, w) ofΓ we need to have
). Since g is an automorphism of Γ,g constructed in this way is clearly a permutation of the vertex set ofΓ preserving the set of the blue edges ofΓ.
It thus suffices to determine whether it also preserves the red edges. If v is not a union of orbits of the action of K v on the 2-sets of elements from Γ(v), then there exists some g ∈ K v and some {w, w } ∈ v for which {w, w } g / ∈ v . In this case,g is not an automorphism ofΓ, and K does not lift to Aut(Γ). Suppose next that v is a union of orbits of the action of K v on the 2-sets of elements of Γ(v), g ∈ K, (u, w)(u, w ) is a red edge ofΓ, and h ∈ G is such that u h = v (and consequently {w,
which proves that the vertices (u, w)g and (u, w )g are adjacent inΓ. 
Vertex-transitive generalized truncations
The results of the previous section yield a very natural construction for vertex-transitive generalized truncations.
Theorem 5.1. Let Γ be an arc-transitive graph, and let G ≤ Aut(Γ) be an arc-transitive group of automorphisms. Let v be a vertex of Γ, let v be a union of orbits of the action of G v on the 2-sets of elements from Γ(v), and letΓ = T (Γ, G; v ) be the corresponding generalized truncation. Then G lifts toG ≤ Aut(Γ) which acts vertex-transitively onΓ.
Proof. By Proposition 4.3, the subgroup G lifts to Aut(Γ). Since the action of G on Γ is arc-transitive, and the vertices ofΓ are ordered pairs of adjacent vertices of Γ (i.e., arcs), the action ofG onΓ is vertex-transitive.
Not all vertex-transitive generalized truncations arise from the construction of Theorem 5.1; we give an example of such a vertex-transitive generalized truncation in the second part of this section. However, in order to find such truncations and to ensure vertex-transitivity, one has to allow for mixers. Moreover, even in the situation of Theorem 5.1, one can have automorphisms of Γ that do not lift to Aut(Γ) and we can have automorphisms ofΓ that do not project to Aut(Γ). In the remainder of this section we give examples of both situations. In view of Corollary 3.3, the girth of the graph Υ = (Γ(v), v ) must be at least twice the girth of Γ for the latter possibility to occur.
Example 5.2. Recall that the truncationΓ = T (K 5 , ρ 1 ; C 4 ) from Example 3.6 is vertextransitive. We now show that it can be constructed using Theorem 5.1. If we take the group of automorphisms G = (a b c e d), (b c d e) , the set of 2-sets a = {{b, c}, {c, d}, {d, e}, {e, b}} consists of a single orbit of the action of G a = (b c d e) on the 2-sets of elements from {b, c, d, e}. Since G is a maximal subgroup in Sym 5 , and a is clearly not a union of orbits of the action of the stabilizer of a in Sym 5 on the 2-sets of elements from {b, c, d, e}, Corollary 3.3 and Corollary 4.4 imply that the automorphism group of the obtained truncation is actually the lift of G, and is thus isomorphic to G. Thus,Γ is an example of a vertex-transitive generalized truncation obtained via Theorem 5.1 for which the maximal subgroup of the truncated graph that lifts is a proper subgroup of its automorphism group. Observe that since G is (up to conjugacy) the only arc-transitive subgroup of Aut(K 5 ) which is not 3-transitive (otherwise the stabilizer of a point has just one orbit on the 2-sets and we will not get a cycle C 4 for the inserted graph Υ), this is the only vertex-transitive generalized truncation of K 5 by C 4 that arises in the context of Theorem 5.1.
Example 5.3. Let us next consider all possible vertex-transitive generalized truncations of the complete graph K 6 by C 5 which arise in the context of Theorem 5.1. As argued above, all of them arise from an arc-transitive subgroup of Aut(K 6 ) = Sym 6 which is not 3-transitive. Only one conjugacy class of such subgroups exists, namely the class consisting of subgroups isomorphic to the alternating group Alt 5 . The corresponding action of a vertex stabilizer on the 2-sets affords two orbits giving rise to C 5 . Both choices result in the same generalized truncation (up to isomorphism), given in Figure 3 .
Since the length of the inserted cycles is 5, Corollary 3.3 and Corollary 4.4 imply that the automorphism group of the obtained generalized truncation is in fact isomorphic to Alt 5 . We remark that the generalized truncation from Figure 3 is not isomorphic to the one in [9, p. 2614] , since that graph is not vertex-transitive.
The previous two examples may appear to suggest that for each n ≥ 4 there exists precisely one (vertex-transitive) generalized truncation of K n by C n−1 that arises in the context of Theorem 5.1. We show in the remainder of this section that this is far from being true. Of course, the existence of any such generalized truncation requires the existence of a suitable 2-transitive subgroup G of Sym n . Since G would have to be 2-transitive, the lengths of the orbits of the action of the stabilizer G 1 on the 2-sets from {2, 3, . . . , n} would be multiples of n − 1, or multiples of (n − 1)/2, for odd n. But for the inserted graph Υ to be isomorphic to C n−1 , the set 1 would have to contain precisely two pairs containing j for each j ∈ {2, 3, . . . , n}, and so 1 would have to consist of a single orbit of length n − 1 or of two orbits of length (n − 1)/2. In particular, G would have to be of order n(n − 1) or 2n(n − 1).
This observation allows us to investigate the situation for small values of n using Magma [5] . The results of our investigation are presented in Table 1 , which lists the parameter n followed by the order n(n − 1) ofΓ, the girth ofΓ, the order |Aut(Γ)|, and an indication of whether Aut(Γ) coincides with the lift of G. The table includes each generalized truncationΓ = T (K n , G; 1 ) (up to isomorphism) of a complete graph K n by a cycle C n−1 , arising in the context of Theorem 5.1, up to n = 20, with the exception of n = 16.
The obtained information reveals that for some n (e.g., 10, 12, 14, 15, 18, and 20) there is no generalized truncation of a complete graph K n by C n−1 arising in the context of Theorem 5.1. On the other hand, there exist values of n for which several such generalized truncations exist. Moreover, they may be of different girths, and two such generalized truncations may differ in that one of them admits mixers while the other does not (see the case n = 11). It is also interesting to note that one of the truncations of K 17 , all of which are of order 272, achieves the girth 13. The order 272 is the smallest order for which a 3-regular graph of girth 13 is known to exist [8] .
We therefore propose the following problem.
Problem 5.4. For each natural number n, classify the generalized truncations of the complete graph K n by the cycle C n−1 that arise in the context of Theorem 5.1.
Since all generalized truncations of complete graphs K n by cycles C n−1 result in cubic graphs, it might prove useful to know whether all vertex-transitive generalized truncations Table 1 : Information on the generalized truncations of K n by C n−1 arising from Theorem 5.1, where n ≤ 20, n = 16.
of a complete graph K n by a cycle C n−1 arise in the context of Theorem 5.1. If n ≤ 6, the inserted cycle C n−1 is of girth less than 6, and so Corollary 3.3 implies that in this case the whole automorphism group of the generalized truncation projects (and is clearly arc-transitive on K n ). Therefore, none of these cases can result in a vertextransitive generalized truncation of K n by C n−1 which does not arise in the context of Theorem 5.1. The first three lines of Table 1 thus correspond to the only three vertextransitive generalized truncations of K n by C n−1 for n up to 6.
For n ≥ 7, this approach does not work anymore. Nevertheless, since a vertextransitive generalized truncation of a complete graph K n by a cycle C n−1 is a vertextransitive cubic graph of order n(n − 1), one can inspect the census of cubic vertextransitive graphs of order up to 1280 due to Potočnik, Spiga and Verret [14] , and search for examples which arise as such truncations. For example, relying on Magma, it can be verified that there are 6 connected cubic vertex-transitive graphs of order 42 and girth 6, but only one of them is a generalized truncation of K 7 by C 6 (the graph is given in Figure 4 ). This graph must therefore correspond to row 4 of Table 1 , and arise via Theorem 5.1. The maximal subgroup of Sym 7 that lifts is of order 42 (and so the obtained graph is in fact a Cayley graph), while the full automorphism group of the truncation is of order 126. This implies that this generalized truncation allows mixers.
For n = 8, we find that there are two connected vertex-transitive cubic graphs of order 56 possessing 7-cycles (both of which are in fact of girth 7). Only one of them is a generalized truncation of K 8 by C 7 , which therefore has to correspond to row 5 of Table 1 and arise via Theorem 5.1. The situation changes for n = 9. Namely, there exist two connected cubic vertex-transitive graphs of order 72 which are generalized truncations of with respect to the connection set S = {a, b, c}. The graph contains nine pairwise disjoint 8-cycles corresponding to the relation acabcbcb = 1, which represent the nine 8-cycles inserted into K 9 to construct the graph as a generalized truncation of K 9 by C 8 . Since this graph does not arise in the context of Theorem 5.1, it follows that its automorphism group (which coincides with G) does not project. This example shows that there exist vertextransitive truncations of complete graphs by cycles which do not arise via Theorem 5.1. We therefore generalize Problem 5.4 to a wider setting.
Problem 5.5. For each natural number n classify all vertex-transitive generalized truncations of the complete graph K n by the cycle C n−1 .
We finish this section with a useful result, giving a sufficient condition for a vertextransitive graph to be a generalized truncation obtained via Theorem 5.1. This result is used in Section 6 to obtain a characterization of all cubic vertex-transitive graphs of girth at most 5. Proof. Let Γ B be the quotient graph with respect to B, that is, the graph with vertex set B and the adjacency of vertices B, B ∈ B determined by the existence of a pair of vertices v ∈ B and v ∈ B adjacent in Γ. Since every vertex of B has precisely one neighbor outside B and no two vertices of B have a neighbor in the same B = B, the valence of B in Γ B is |B|, and since Γ B is vertex-transitive, it is |B|-regular. Consider the natural induced action of G on Γ B . Using the same argument as in the proof of Lemma 3.1, we see that this action is faithful, and so we can identify G with a subgroup of Aut(Γ B ). While the action of G on B is necessarily vertex-transitive, we can show that it is also arc-transitive. To argue this, let (B 1 , B 2 ) be an arbitrary arc of Γ B . Due to our assumptions, there exists a unique pair of vertices u 1 ∈ B 1 and u 2 ∈ B 2 such that u 1 ∼ u 2 in Γ. Let B 3 and B 4 be another pair of adjacent vertices in Γ B , and let u 3 ∈ B 3 , u 4 ∈ B 4 , be their unique pair of vertices adjacent in Γ. Since G is transitive on Γ, there exists g ∈ G mapping u 1 to u 3 . Consequently, the induced action of g maps B 1 to B 3 . Since u 2 is the unique neighbor of u 1 outside B 1 and u 4 is the unique neighbor of u 3 outside B 3 , it follows that g maps u 2 to u 4 , and therefore also B 2 to B 4 . It thus maps the arc (B 1 , B 2 ) to the arc (B 3 , B 4 ), proving that G induces an arc-transitive action on Γ B , as claimed.
Fix an arbitrary B ∈ B and denote by Υ the subgraph of Γ induced on B. Since G is vertex-transitive and B is an imprimitivity block system for G, the graph Υ is vertextransitive and independent of the particular choice of B ∈ B. By assumption, Υ is a (k − 1)-regular graph of order |B|, where k is the valence of Γ. We now prove that Γ is a generalized truncation of Γ B with respect to a suitable union B of orbits of the action of G B on 2-sets of neighbors of B in Γ B . Recall that each v ∈ B uniquely determines the block B v ∈ B such that B ∼ B v in Γ B . Let B be the set of all pairs {B u , B v } such that u ∼ v in Γ (and thus in Υ). Clearly, B is a union of orbits of the action of G B on the 2-sets of neighbors of B in Γ B and the graph corresponding to B is isomorphic to Υ. It is now easy to see that Γ is isomorphic to the generalized truncation T (Γ B , G; B ).
6 Characterization of cubic vertex-transitive graphs of girths 3, 4, and 5
In this section, we apply the results obtained in the previous sections to obtain a characterization of cubic vertex-transitive graphs of girth at most 5. Cubic arc-transitive graphs of small girth have been extensively studied (see, for example, [7, 10, 12, 13] ). It is well known that there are only five connected cubic arc-transitive graphs of girth at most 5; there is one of girth 3 (the complete graph K 4 ), two of girth 4 (the complete bipartite graph K 3,3 and the cube Q 3 ), and two of girth 5 (the Petersen graph and the Dodecahedron graph). The family of connected vertex-transitive cubic graphs is however much richer and it contains infinitely many examples of each of the girths 3, 4 and 5 (see the remarks in the following three subsections). It is the aim of this section to find a characterization of these graphs.
In view of the above remarks, we only need to characterize those vertex-transitive graphs which are not arc-transitive. This might be done along the lines of [14] via dividing the characterization into two cases, one in which the stabilizer of a vertex in the automorphism group of such a graph is trivial, and one in which it has two orbits on the neighbors of the vertex, and then studying the corresponding constructions from [14] . We prefer the following much more elementary approach.
Girth 3
We first consider the easiest case, namely graphs of girth 3. Recall that the prism graph Pr(n), n ≥ 3, is the cubic Cayley graph of the group Z 2 ×Z n with respect to the connection set S = {(1, 0), (0, 1), (0, n − 1)} (these graphs are also known as generalized Petersen graphs GP(n, 1)).
Theorem 6.1. Let Γ be a connected cubic graph of girth 3. Then Γ is vertex-transitive if and only if it is either the complete graph K 4 , the prism Pr(3), or a generalized truncation of an arc-transitive cubic graph Λ by the 3-cycle C 3 , in which case Aut(Γ) ∼ = Aut(Λ).
Proof. Both K 4 and Pr(3) are Cayley, and therefore vertex-transitive, cubic graphs of girth 3. Theorem 5.1 implies that generalized truncations of arc-transitive cubic graphs by 3-cycles are vertex-transitive graphs of girth 3 which, by Corollary 3.3, share the automorphism group with the underlying arc-transitive graph.
To prove the converse, suppose that Γ is vertex-transitive. The vertex-transitivity implies that each vertex of Γ either lies on a unique 3-cycle or lies on three 3-cycles. In the latter case, Γ ∼ = K 4 , and so we can assume that each vertex of Γ lies on a unique 3-cycle. This implies that the set of 3-cycles of Γ forms an imprimitivity block system for Aut(Γ). Moreover, each vertex of Γ is incident to two edges which are part of some 3-cycle of Γ, and one edge that does not lie on any 3-cycle of Γ. Let us color the edges contained in 3-cycles red, and the other edges black, so that all 3-cycles consist of three red edges. Each automorphism of Γ necessarily preserves the colors of the edges. Now, let (v 0 , v 1 , v 2 ) be an arbitrary 3-cycle of Γ. Since every vertex of Γ is incident to exactly one black edge, each of v i , 0 ≤ i ≤ 2, is adjacent to a unique neighbor u i / ∈ {v 0 , v 1 , v 2 }. Suppose that the set {u 0 , u 1 , u 2 } is not an independent set of vertices, say u 0 ∼ u 1 . Since Γ is vertex-transitive, there exists g ∈ Aut(Γ) mapping v 0 to v 2 . Then the black edge u 0 v 0 is mapped to the black edge u 2 v 2 , while the edge u 1 v 1 is mapped to one of u 0 v 0 and u 1 v 1 , implying that u 2 must be adjacent to u 0 or u 1 . Clearly, Γ ∼ = Pr(3).
It remains to consider the possibility where {u 0 , u 1 , u 2 } is an independent set of vertices. Let w, w be the two neighbors of u 0 different from v 0 . Since the edges u 0 w, u 0 w are red, (u 0 , w, w ) is a 3-cycle of Γ, and thus the edge ww is also red. Since each of the vertices u 1 , u 2 already has its 'black neighbor' v 1 , v 2 , respectively, and each of w and w already has its two 'red neighbors', none of u 1 and u 2 can be adjacent to any of w and w , and so each vertex of a 3-cycle C is adjacent to precisely one vertex outside C and no two vertices of C have neighbors in the same 3-cycle C , different from C. Therefore, Theorem 5.6 applies. The isomorphism Aut(Γ) ∼ = Aut(Λ) follows from Corollary 3.3 and Theorem 5.1.
Remark. It is well known that infinitely many cubic arc-transitive graphs exist. This yields the existence of infinitely many cubic vertex-transitive graphs of girth 3.
Girth 4
Next, we focus on cubic vertex-transitive graphs of girth 4. We first introduce two families of such graphs.
The first family consists of the well known Möbius ladders. The graph Ml(n), where n ≥ 3, is the Cayley graph Cay(Z 2n ; {±1, n}). It is clear that Ml(n) is a cubic vertextransitive graph of girth 4, for all n ≥ 3.
The members of the second family are called generalized prisms. For any integer n ≥ 2, the generalized prism GPr(n) is the graph with vertex set V = {(i, j) : i ∈ Z 2 , j ∈ Z 2n } in which each vertex (i, j) is adjacent to (i, j + 1) and in addition (i, j) is adjacent to (i + 1, j + 1) for all even j (the computations are done modulo 2 on the first component, and modulo 2n on the second component). It is not hard to see that generalized prisms are Cayley graphs of girth 4; GPr(n) ∼ = Cay(D 2n ; S), D 2n = t, r | t 2 , r 2n , (tr) 2 , S = {t, tr, tr n }. The Möbius ladder Ml(5) and the generalized prism GPr(5) are depicted in Figure 5 . We now have the ingredients needed for a characterization of cubic vertex-transitive graphs of girth 4. Theorem 6.2. Let Γ be a connected cubic graph of girth 4 and order 2n. Then Γ is vertex-transitive if and only if it is isomorphic to the prism Pr(n) with n ≥ 4, the Möbius ladder Ml(n) with n ≥ 3, the generalized prism GPr( n 2 ) (n even), or it is isomorphic to a generalized truncation of an arc-transitive tetravalent graph Λ by the 4-cycle C 4 in the sense of Theorem 5.1, in which case Aut(Γ) ∼ = Aut(Λ).
Proof. Vertex-transitivity and girth 4 of the graphs listed in the theorem follow from the preceding remarks and Theorem 5.1.
To prove the converse, suppose that Γ is vertex-transitive of girth 4. Let C = (v 0 , v 1 , v 2 , v 3 ) be an arbitrary 4-cycle of Γ. Suppose first that there exists a pair of vertices of C having a common neighbor outside C. Since Γ is of girth 4, this can only hold for the pairs v 0 , v 2 or v 1 , v 3 . Without loss of generality, we may assume that v 0 and v 2 have a common neighbor w outside C. This means, in particular, that all three 2-paths containing v 0 at their center belong to some 4-cycle. The vertex-transitivity of Γ implies the same for each vertex of Γ, i.e., for each vertex v of Γ and any two of its neighbors u, u , the 2-path (u, v, u ) lies on a 4-cycle of Γ. Let now w = w (recall that Γ is of girth 4) be the neighbor of v 1 outside C. As argued above, both (w , v 1 , v 0 ) and (w , v 1 , v 2 ) lie on a 4-cycle of Γ, and so w is adjacent to at least one of v 3 and w. It is easy to see that it has to be adjacent to both of them, implying that Γ ∼ = K 3,3 ∼ = Ml(3).
For the rest of the proof we can thus assume that no two vertices contained in a 4-cycle of Γ share a neighbor outside this 4-cycle. Let C = (v 0 , v 1 , v 2 , v 3 path (u, v, u ) . It is clear that in this case Γ ∼ = Pr(4); the underlying graph of the cube. If, on the other hand, we assume that u 0 ∼ u 1 , but none of u 0 ∼ u 3 and u 1 ∼ u 2 holds, the edges v 1 v 2 and v 1 u 1 each belong to a unique 4-cycle of Γ, while v 1 v 0 belongs to two. Since Γ is vertex-transitive, each vertex of Γ must be incident with one edge contained in two 4-cycles of Γ and with two edges each contained in just one 4-cycle of Γ. This divides the edges of Γ into two disjoint sets. Let us color the edges of Γ lying within two 4-cycles red and the other edges black (thus v 0 v 1 is red, and v 0 v 3 and v 1 v 2 are black). Observe that no 4-cycle contains two consecutive black edges as in such a case there would be no 4-cycle through the remaining edge incident to the common endpoint of these two black edges. Thus v 2 v 3 is red while u i v i is black for all 0 ≤ i ≤ 3. It follows that u 2 ∼ u 3 and u 2 u 3 and u 0 u 1 are both red. It is now clear that Γ is isomorphic either to the prism Pr(n) (in which case n ≥ 4, for the girth to be 4) or to the Möbius ladder Ml(n) with n ≥ 4. Case 2: For each i, u i is adjacent to neither u i−1 nor u i+1 . It follows that v 0 (and hence any vertex of Γ) lies on a unique 4-cycle of Γ. Each vertex of Γ is thus incident to two edges contained in a unique 4-cycle (we color such edges red), and to one edge that does not lie on any 4-cycle of Γ (we color such edges black). Thus, the red cycles form a complete 2-factor, the black edges form a complete 1-factor of Γ, and both factors are preserved by the automorphisms of Γ. Now, if u 0 were adjacent to u 2 , then, since v 0 u 0 is black, u 0 u 2 would be red. Moreover, starting at u 0 , traversing the black edge to v 0 , taking (any) two consecutive red edges (contained in C), and then taking a black edge would bring us to the neighbor u 2 of u 0 and thus give rise to a 5-cycle. However, starting at v 0 and following the same sequence of colors of edges would imply that some red neighbor (a neighbor along a red edge) of u 2 would have to be adjacent to one of v 1 and v 3 via a black edge, forcing u 2 to be a neighbor of one of u 1 and u 3 . This contradiction thus implies that {u 1 , u 2 , u 3 , u 4 } is an independent set.
Let w, w be the two red neighbors of u 0 (see the left part of Figure 6 ) and let z be their common red neighbor, different from u 0 . Suppose first that z ∈ {u 1 , u 3 }; without loss of generality assume z = u 1 . Letting g ∈ Aut(Γ) be such that it maps u 0 to v 0 we see that u 1 is mapped to v 2 (since u 1 is the antipodal vertex to u 0 on the unique 4-cycle containing u 0 while v 2 is the antipodal vertex of v 0 on the unique 4-cycle containing v 0 ). Then the black neighbor v 0 of u 0 is mapped by g to u 0 and the black neighbor v 1 of u 1 is mapped to u 2 . But since v 0 ∼ v 1 , it follows that u 0 ∼ u 2 , a contradiction that proves that z / ∈ {u 1 , u 3 }. Suppose next that z = u 2 . Then u 0 and u 2 , which are black neighbors of the antipodal pair v 0 , v 2 , are also antipodal on a 4-cycle. Mapping v 0 to v 1 we thus see that u 1 and u 3 also must be antipodal on a (red) 4-cycle. Their two common red neighbors x and x are of course different from w and w since both of w and w already have their two red incident edges (see the middle part of Figure 6 ). Now, if at least one of x and x is adjacent to one of w and w , say x ∼ w, then the fact that antipodal pairs are connected with black edges to antipodal pairs implies that also x ∼ w must hold, and we get Γ ∼ = GPr(3). Otherwise, letting y and y be the black neighbors of x and x , respectively, we see that they have a pair of common red neighbors different from w and w (see the right part of Figure 6 ). Continuing this way, we easily conclude that Γ ∼ = GPr( n 2 ), n even. We are finally left with the possibility that the common black neighbor z of w and w , different from u 0 , is none of u 1 , u 2 or u 3 . But then each vertex v i of the 4-cycle C is adjacent to precisely one vertex outside C and no two vertices of C have a neighbor in the same 4-cycle C , different from C. Since the 4-cycles of Γ clearly form an imprimitivity block system for the automorphism group Aut(Γ), we can apply Theorem 5.6. The final claim Aut(Γ) ∼ = Aut(Λ) follows from Corollary 3.3 and Theorem 5.1.
Remark. It is well known that there exist infinitely many tetravalent arc-transitive graphs (see for instance [17] ), and so Theorem 6.2 implies that there exist infinitely many cubic vertex-transitive graphs of girth 4, not isomorphic to a generalized prism, having the property that each vertex lies on a unique 4-cycle.
Girth 5
We conclude with a characterization of cubic vertex-transitive graphs of girth 5. In what follows, we take advantage of the obvious fact that in a graph of girth 5 no 3-path can be contained in more than one 5-cycle. In case of cubic graphs, this observation implies that any 2-path is contained in at most two 5-cycles. To prove the converse, let C = (v 0 , v 1 , v 2 , v 3 , v 4 ) be a 5-cycle of Γ. Since Γ is cubic and of girth 5, each of the vertices v i has its own unique neighbor u i outside C. We distinguish two cases depending on whether the set {u 1 , u 2 , u 3 , u 4 , u 5 } is independent or not.
Case 1: There is at least one edge connecting two of the vertices u i . We show that in this case Γ is the Petersen graph. To this end, suppose u 0 is adjacent to at least one of u 2 and u 3 , say to u 2 (since Γ is of girth 5, u 0 cannot be adjacent to u 1 or u 4 ). This implies that each edge of Γ lies on at least one 5-cycle (since this holds for all three edges incident to v 0 ). Moreover, the 2-path (v 0 , v 1 , v 2 ) lies on exactly two 5-cycles of Γ, and so each vertex of Γ is the internal vertex of at least one 2-path which is contained on two 5-cycles. We claim that this implies that each 2-path of Γ lies on at least one 5-cycle. If this were not the case, then we would lose no generality by assuming that (u 1 , v 1 , v 0 ) lies on no 5-cycle of Γ. By vertex-transitivity, each vertex of Γ is an internal vertex of at least one 2-path not contained on any 5-cycle. Let w and w be the two neighbors of u 1 different from v 1 . Since (u 1 , v 1 , v 0 ) is not contained on any 5-cycle, the only possible 2-path with u 1 as its internal vertex which can lie on two 5-cycles is (w, u 1 , w ). Since there must also be a 2-path with internal vertex u 1 that lies on no 5-cycle, this holds for one of the 2-paths (w, u 1 , v 1 ) and (w , u 1 , v 1 ). Without loss of generality assume that it is (w, u 1 , v 1 ). Let now x and x be the two neighbors of w different from u 1 . As before, (x, w, x ) must be on two 5-cycles, and without loss of generality, (x, w, u 1 ) lies on no 5-cycle. But then both 5-cycles containing (w , u 1 , w) contain (w , u 1 , w, x ), a contradiction. This proves our claim that each 2-path of Γ lies on at least one 5-cycle. Now, if each 2-path of Γ lies on two 5-cycles then Γ is the Petersen graph (since each of the paths (v i , v i+1 , v i+2 ) lies on the 5-cycle C the other 5-cycle containing this 2-path must be (u i , v i , v i+1 , v i+2 , u i+2 ), and so each u i as adjacent to u i+2 and u i−2 ). We are thus left with the possibility that either each vertex is the internal vertex of one 2-path lying on one 5-cycle and of two 2-paths lying on two 5-cycles, or each vertex is the internal vertex of one 2-path lying on two 5-cycles and of two 2-paths lying on one 5-cycle.
We first show that the first possibility cannot occur. Suppose to the contrary that each vertex of Γ is the internal vertex of one 2-path lying on one 5-cycle and of two 2-paths lying on two 5-cycles. Then each vertex of Γ lies on five 5-cycles and is incident to one edge lying on four 5-cycles (we color such edges red) and to two edges each lying on three 5-cycles (we color such edges black). Note that no 5-cycle contains three consecutive black edges since if (w 1 , w 2 , w 3 , w 4 ) was on a 5-cycle with w 1 w 2 , w 2 w 3 and w 3 w 4 all black, then each of (w 1 , w 2 , w 3 ) and (w 2 , w 3 , w 4 ) would be on just one 5-cycle. But then (w, w 2 , w 3 ) cannot be on two 5-cycles, where w is the red neighbor of w 2 . Since no two red edges are incident this implies that each 5-cycle of Γ consist of two red edges and three black edges. Now, let C = (w 0 , w 1 , w 2 , w 3 , w 4 ) be a 5-cycle and with no loss of generality assume that the edges w 0 w 4 , w 0 w 1 and w 2 w 3 are black while w 1 w 2 and w 3 w 4 are red (see the left part of Figure 7) . Let x 0 be the red neighbor of w 0 and let x 2 and x 3 be the black neighbors of w 2 and w 3 , different from w 3 and w 2 , respectively. The 2-path (x 0 , w 0 , w 1 ) lies on two 5-cycles of Γ, one of which must contain (x 0 , w 0 , w 1 , w 2 ). Since the successor of w 2 on this 5-cycle cannot be w 3 (as (w 0 , w 1 , w 2 , w 3 ) already lies on C ) we see that x 0 ∼ x 2 . Similarly x 0 ∼ x 3 . But since x 0 x 2 and x 0 x 3 are both black this gives a black 5-cycle (x 0 , x 2 , w 2 , w 3 , x 3 ), a contradiction. We now show that the second possibility also cannot occur. Suppose to the contrary that each vertex is the internal vertex of one 2-path lying on two 5-cycles and of two 2-paths lying on one 5-cycle. Similarly as above we find that each vertex of Γ lies on four 5-cycles and that each vertex is incident to one edge lying on two 5-cycles (we color such edges red) and to two edges each lying on three 5-cycles (we color these black). In particular, 4n = 5s, where n is the order of Γ and s is the number of 5-cycles of Γ. We clearly cannot have a black 5-cycle since then Γ is the Petersen graph in which all 2-paths are on two 5-cycles, and a similar argument as above shows that no black edge on a 5-cycle can be surrounded by two red edges. It follows that each 5-cycle of Γ consists of one red and four black edges. Since red edges are contained on two 5-cycles (and there is n/2 of them) this implies n = s, contradicting 4n = 5s. This finally completes Case 1.
Case 2: the set {u i : 1 ≤ i ≤ 5} is an independent set. Suppose first that v 0 (and thus any vertex of Γ) lies on more than one 5-cycle. Since there are no edges between the vertices u i the only possibility is that either u 0 and u 1 or u 0 and u 4 have a common neighbor; without loss of generality assume u 0 and u 1 do. Since v 3 also lies on at least two 5-cycles either u 3 and u 2 or u 3 and u 4 have a common neighbor. It is now easy to see that Γ is the Dodecahedron graph.
We are thus left with the possibility that each vertex lies on a unique 5-cycle, and so each vertex is incident to two edges lying on a unique 5-cycle (we color such edges red) and to one edge that does not lie on a 5-cycle (we color these black). Each 5-cycle of Γ thus consist of five black edges. Now, let C, v i and u i be as at the beginning of this proof and let w and w be the two red neighbors of u 0 . Since there is no 5-cycle through u 0 v 0 none of w, w is adjacent to any of u 1 and u 4 . In fact, none of w, w is adjacent to any of the u i , i = 0. For, if this was the case, say w ∼ u 3 , then u 3 and w would have a common black neighbor, say x (see the right part of Figure 7) . But then the black neighbors u 0 and u 3 of the two red neighbors of v 4 would have a common red neighbor (namely w), and so the same should hold for the black neighbors u 0 and u 2 of the two red neighbors of v 1 . However, as both w and w already have both of their red neighbors, this is impossible.
It thus follows that the red 5-cycle containing u 0 contains none of the vertices u i , i = 0. Thus, each vertex of the 5-cycle C has precisely one neighbor outside C and no two vertices of C have a neighbor in the same 5-cycle C , different from C. Since the 5-cycles of Γ clearly form an imprimitivity block system for the automorphism group Aut(Γ) we can apply Theorem 5.6. The isomorphism Aut(Γ) ∼ = Aut(Λ) follows from Corollary 3.3 and Theorem 5.1.
Remark. It is well known that there exist infinitely many 5-valent arc-transitive graphs (see for instance [2] ), and so Theorem 6.3 implies that there exist infinitely many cubic vertex-transitive graphs of girth 5.
